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We experimentally report the elastic response of an assembly of SiO2 powders under a shear oscillation
strain by a modified inverted torsion pendulum with a Couette-like setup. We find that the shear restoring force
displayed by SiO2 assembly is of strong amplitude dependence, which is ascribed to the dynamic behavior of
the stress network inside and could be used to classify the states of the SiO2 assembly, i.e., elastic solid, plastic
solid, viscoelastic solid, and viscous fluid. The underlying mechanisms for different states of the SiO2 assembly
are tentatively proposed.
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Granular material is ubiquitous and is regarded as a fourth
state of matters, different from the normal solid, liquid and
gas. It is inherently dissipative and displays solid-like,
liquid-like or gas-like behavior, depending on the external
condition, and attracts a growing interest in past decades due
to its rich phenomenology and important applications �1�. In
its static state, granular material shows inhomogeneous spa-
tial stress profiles called stress �force� network, which are
primarily carried by a fraction of the total number of grains
�2�. Despite of extensive investigations the stress network is
still illusive and the static granular material shows intriguing
properties �3�.

In this Brief report, we put forward a method to investi-
gate the elastic response of static granular material under
shear oscillation strain by making use of a modified inverted
torsion pendulum with a Couette-like setup. And we find that
the assembly of SiO2 powders displays an unexpected am-
plitude dependence of elasticity under shear oscillation
strain, from which we could infer the state of the stress net-
work inside the assembly of SiO2 powders and its evolution
with the increase in shear oscillation strain amplitude.

By attaching a Couette-like setup onto the conventional
inverted torsion pendulum, we develop a viscoelastic spec-
troscope for granular material �4� shown schematically in
Fig. 1. In the absence of granular material, the viscoelastic
spectroscope is essentially a conventional inverted torsion
pendulum and can undertake a forced torsion vibration under
an external periodical torque produced by the current flowing
through the coils �5�. The forced torsion vibration could be
described by the following equation:

I�̈ + �k1 + ik2�� = F0ei�t, �1�

where I is the moment of inertia of the torsion pendulum, �
is the vibration angle, while k1 and k2 are the restoring �elas-
tic� and dissipative torque coefficient due to the twisting el-
ement, respectively. F0ei�t represents an external oscillation
torque, where �=2�f is the circle frequency. In its steady
solution, the vibration angle �=�0ei��t−�� lags behind the ex-
ternal torque by a phase angle �. Further calculation shows
that the phase angle � has the following frequency depen-
dence �6�:

tg� =
�r

2k2

k1��r
2 − �2�

, �2�

where �r=2�fr=�k1 / I is the system resonant circle fre-
quency, and we call tan � the apparent internal friction.
While we continuously vary the frequency of the external
torque across the system resonant frequency, the phase angle
� changes from a small value �k2 /k1� to a large value �about
�� crossing the value of � /2 with an abrupt change at the
system resonant frequency fr. So the tan �� f plot shows a
hyperbolic divergence at the system resonant frequency fr,
from which we can experimentally determine fr with a very
high precision. And then we could readily obtain the moment
of inertia of the system via I=k1 / �2�fr�2 while the restoring
�elastic� torque coefficient k1 is calculated from the geometry
of the twisting element.

After filling an assembly of granular material into the
Couette container, the torsion vibration of the viscoelastic
spectroscope could be described by the following equation

FIG. 1. �Color online� Schematic diagram of viscoelastic spec-
troscope for granular material. �1� solid specimen �copper wire with
�=0.8 mm and l=32 mm�; �2� fixed grip; �3� rotational grip and
torsion rod; �4� weak suspension; �5� pulleys; �6� counterweight; �7�
magnet; �8� pair of driving coils; �9� base; �10� lamp unit with blade
slit; �11� mirror; �12� differential photocell; �13� rotational cylinder
��=35 mm, H=40 mm, made of aluminum�; �14� double-layer
container �with inner diameter of 10 mm and outer diameter of 60
mm�; �15� granular material.
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with the additional viscoelasticity terms due to the assembly
of granular material:

I�̈ + ��k1 + k1G� + i�k2 + k2G��� = F0ei�t, �3�

where k1G and k2G represent the shear elastic and dissipative
torque coefficient of granular material respectively. In a simi-
lar way we also have

tg� =
�r�

2�k2 + k2G�/�k1 + k1G�
�r�

2 − �2 , �4�

where the system resonant frequency �r�=2�fr�
= ��k1+k1G� / I�1/2, different from the case for the absence of
granular material due to the shear elasticity of granular ma-
terial. Similarly the system resonant frequency fr� could also
be inferred from the tan �� f plot as above discussions. And
then we could obtain the total shear elasticity k1+k1G
= �2�fr��

2I. The shear elasticity coefficient of granular mate-
rial could be obtained via the following formula:

k1G = ��2�fr��
2 − �2�fr�2�I . �5�

In our inverted torsion pendulum based viscoelastic spec-
troscope �7�, we could measure a broad frequency spectrum
for tan � where frequency range is from 0.01 Hz to 300 Hz
with a high-frequency resolution of 0.01 Hz and well covers
the system resonant frequency of about 100Hz, which de-
pends on the elastic coefficient of the twisting element. At
the same time, the amplitude of the torsion vibration angle
could be controlled precisely via changing the torque ampli-
tude. This means that we could precisely control the ampli-
tude of shear oscillation strain imposed onto the granular
assembly via the rotational cylinder, which is proportional to
the amplitude of the torsion vibration angle. Furthermore, the
amplitude of shear oscillation strain could be varied from
several nanometers to hundreds micrometers. In this way we
could conveniently investigate the shear elasticity of the
granular material under different shear oscillation strain am-
plitudes.

We apply a copper wire with 0.8 mm in diameter and 32
mm in length as a twisting element in our experiments. So
the elastic coefficient of the copper wire k1=6.5�10−2 Nm.
Figure 2 shows the plot of tan �� f for the case without
granular material, from which we could see that the system
resonant frequency is 68.1 Hz. The moment of inertia of the
viscoelastic spectroscope is 3.55�10−7 m Kg according to
the formula I=k1 / �2�fr�2.

SiO2 powders is bought commercially �Made in Qingdao
Haiyang Chemical Co. Ltd. China� and has a narrow size
distribution with a mean size of about 31 �m. Before ex-
periment, both side �inner and outer� surfaces of rotational
cylinder are cohered with a layer of SiO2 powders, respec-
tively. The SiO2 powders are filled into the double-layer con-
tainer of the Couette-like setup to a height of 16 mm. The
container diameter �with an inner diameter of 10 mm and an
outer diameter of 60 mm� is much larger than the average
diameter of SiO2 grains, making the arching effect vanish
according to Kiwing et al. �8�. Prior to the experiments, the
assembly of SiO2 powders is stabilized by the following pro-
cedure. First, the container is tapped slightly for about 30–50

times at different points of the container to minimize the
powder volume. Then the assembly of SiO2 powders is sub-
jected to a shear oscillation strain through the rotational cyl-
inder with the amplitudes of 1 mm at the frequency of 70 Hz
for over 30 min. Finally, the applied shear oscillation strain
amplitude decreases from 1 mm to 10 nm in the period of
about 1 h. According to the report of Nowak et al. �9�, the
assembly of SiO2 powders can reach a reproducible steady
state. In addition, during the experiment the room tempera-
ture is kept at 26 °C via the air conditioner and the humidity
is about 50%.

Under constant oscillation amplitude of shear strain 300
nm, it is noticed that, in the presence of SiO2 powders the
pendulum resonance frequency fr=113.7 Hz is much higher
than that without SiO2 powders fr

o=68.1 Hz, as shown in
Fig. 2. Meanwhile, one strong resonant absorption peak at
about 92 Hz is readily observed, which is believed due to the
microcavity structure inside the assembly of SiO2 powders
and required further investigations.

We change the amplitude of the shear oscillation strain
imposed onto the assembly of SiO2 powders from 10 nm to
36 000 nm and measure their corresponding tan �� f plots.
Figure 3 shows some representative plots for different shear
oscillation strain amplitudes. These curves clearly illustrate
the evolution of the resonant system frequency with the in-
crement of oscillation strain amplitude, from which we could
obtain the dependence of elasticity on the oscillation strain
amplitude as shown in Fig. 4. It is very interesting to note
that the curve for the dependence of elasticity on the shear
oscillation strain can be readily divided into four regimes
according to their corresponding slopes, which we call elas-
tic solid, plastic solid, viscoelastic solid, and viscous fluid,
respectively.

As seen from Fig. 4, in the viscous fluid regime, where
the amplitude of oscillation strain Ad is larger than a critical
value Ad

c ��20 000 nm� but less than the average diameter
of SiO2 grains, the assembly of SiO2 powders behaves as a
viscous fluid displaying a viscous resistance instead of an
elastic force, which lowers the system resonant frequency in

FIG. 2. �Color online� Frequency dependence of apparent inter-
nal friction tan � of the system loaded and unloaded with SiO2

powders. Triangles “�” symbolize the tan � of the unloaded system
and squares “�” denote the tan � of the loaded system while the
oscillation strain amplitude being 300 nm.
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comparison to that of the unloaded system. This scenario is
consistent with our familiar fluid state for strongly sheared
granular material �1�a��. However, while the oscillation strain
amplitude is smaller than the critical value Ad

c, the assembly
of SiO2 powders displays an elastic force, making the system
resonance frequency larger than that of the unloaded system.
At the same time, the elastic coefficient shows strong depen-
dence of oscillation shear strain amplitude.

How to understand above phenomena? As we know, the
assembly of SiO2 powders in the container of the Couette-
like setup has a stress network inside due to its gravity and
many stress chains are terminated on the side surfaces of the
rotational cylinder. When the cylinder undergoes an oscilla-
tion rotation, the grains adhered on the cylinder surface im-
pose certain shear oscillation strains onto their corresponding
grain chains, which originally carry stress chains. For the
simplicity of discussion, let us consider the effect of the
shear strain applied onto a chain of SiO2 grains, one stress
chain inside the stress network, as shown in Fig. 5. While a
shear strain is applied to the chain of SiO2 grains, SiO2

grains inside adjust their relative places to maintain their
mechanical balances. So the SiO2 grains will take some
transversal motions to adjust their positions and to bear the
shear strain. Because the SiO2 grains are irregular, the small
adjustments of the SiO2 grains could be adopted in the SiO2
grain chain without causing the collapse of the stress chain,
which is termed self-lock �10�. However, the original con-
figuration of the SiO2 grain chain is favored by the free en-
ergy, so while the strain decreases, the original configuration
will be recovered, i.e., the SiO2 grain chain behaves like a
spring displaying a restoring force, i.e., elastic force, while
subject to a shear oscillation strain. This scenario could
qualitatively explain the elastic force we observe in above
experiments.

When the applied strain is increased, the adjustment
�transversal motion� of the grains inside the chain is too
large, resulting in the collapse of the stress chain, which
implies that there is a critical value for the shear strain. In-
side the assembly of SiO2 powders, each stress chain has its
own critical shear strain. So the stress distribution �11� inside
the assembly of SiO2 powders implies that the critical shear
strain also has a distribution. In the regime of elastic solid of
Fig. 4, the elastic force increases with the oscillation strain
amplitude, which implies that all the stress chains inside
could adopt the imposed oscillation strain and act like an
elastic solid. However, one puzzle arises. Why does the elas-
tic coefficient increase with oscillation strain amplitude
rather than keep constant as like a normal solid? We have to
resort to the fact that the restoring force originates from the
interaction �e.g., static friction force� between SiO2 grains in
the stress chains, which depends on their relative configura-
tions of SiO2 grains. So the corresponding SiO2 chains are
not realistic normal spring with a constant elastic coefficient.
And the increment of the elastic coefficient with the oscilla-
tion strain amplitude is one of the distinctive features, which
is observed in our experiment.

When the shear oscillation strain is larger than 300 nm,
the elastic coefficient begins to decrease, which means that
some stress chains cannot stand the shear strain and break
down. Thus the assembly of SiO2 powders is in the state of
plastic solid or viscoelastic solid, which has a different slope
for the plot of elastic coefficient versus shear oscillation
strain amplitude, as shown in Fig. 4. In plastic solid, the

FIG. 3. �Color online� Frequency dependence of apparent inter-
nal frictions tan � measured at different shear oscillation strain am-
plitudes. While the shear oscillation strain amplitude is 100, 300,
700 nm, 7, and 25 �m, the resonant frequencies of the system is
98.5, 113.7, 93.5, 76.5, and 65.25 Hz, respectively.

FIG. 4. �Color online� Dependence of elastic coefficient of the
assembly of SiO2 powders on the shear oscillation strain amplitude.

FIG. 5. Schematic diagram of the evolution of a stress chain of
SiO2 grains with the increase in imposed shear strain �	r represents
the critical shear strain�.
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elastic coefficient decreases much faster than that in vis-
coelastic solid, from which we could infer that the distribu-
tion of critical shear strains is not uniform and most critical
shear strains are less than 1200 nm, which is consistent with
the fact that the distribution of stress inside granular material
is not symmetric �11�. When the shear oscillation strain is
increased up to 20 000 nm, almost all of the stress chains
could not stand the shear oscillation strain and collapse. Then
the assembly behaves like a fluid and is termed viscous fluid.

In conclusion we investigate the elasticity of granular ma-
terial under shear oscillation strain by examining the vari-
ance of system resonant frequency of our developed vis-
coelastic spectroscope. In the presence of an assembly of
SiO2 powders, the system resonant frequency changes with

the shear oscillation strain amplitude, from which we obtain
the shear oscillation strain amplitude dependence of the elas-
tic coefficient for the assembly of SiO2 powders and we infer
that under small shear oscillation strain the assembly of SiO2

powders displays four different states: elastic solid, plastic
solid, viscoelastic solid, and viscous fluid states respectively.
The distribution of critical shear strains for the stress net-
work is proposed to explain the dynamic behavior of the
assembly of SiO2 powders, which determines its state under
shear oscillation strain.
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